The large maxima of thermopower as functions of the temperature observed for Bismuth Antimony alloy is studied theoretically based on the Boltzmann transport theory of single carrier. The Fermi statistics is fully taken into account, with the chemical potential being calculated self-consistently at each temperature from experimental Hall coefficients. It stays constant at lower temperatures, but starts to rise at T ¼ 70 K, where the maximum of the thermopower is observed. The temperature dependence of the calculated thermopower agrees well with the measurements. The occurrence of the maxima is thus shown to be associated with the extrinsic-to-intrinsic transition, thus providing theoretical confirmation to the known empirical rule.
Introduction
Bi 100Àx Sb x alloys are known to be efficient thermoelectric materials at relatively small antimony concentrations (8 < x < 17). They have large thermopower, the maxima of which are observed at relatively low temperatures. 1, 2) It has been confirmed recently that Hall coefficient and Hall mobility show quite dramatically changes in their temperature dependences at the same temperature, suggesting a close interrelationship between these two phenomena. 3, 4) Although the latter apparently indicates a dramatically change in the scattering mechanism of the system, it is proposed a very different interpretation. 3, 4) It is first made a tentative evaluation of the chemical potential ðTÞ in the semi-classical treatment, and found that it increases rapidly with increasing temperature for T > 70 K, whereas it increases only slowly for T < 70 K. Then it is applied the Boltzmann transport theory of single carrier using the calculated chemical potentials, assuming only one scattering parameter for the whole temperature range. This simple treatment was able to reproduce qualitatively the observed temperature dependences of all the measured quantities, and it is concluded the change in the electronic configuration and not the change in the scattering mechanism, which is responsible for the characteristic temperature dependence of the transport quantities.
The Bi 100Àx Sb x alloys are characterized by the narrow band gap and the light effective mass of the conduction electrons. The increase of the chemical potential from relatively low temperatures is therefore plausible. However it implies that the system must be recognized as a strongly degenerate semiconductor. The above preliminary calculation has practically revealed that the chemical potential rise into the conduction band, so that this classical treatment is inadequate. It is seemed that the extrinsic-to-intrinsic transition is related to high thermoelectricity of the materials. In this paper, it is shown only the results of the polycrystalline Bi 88 Sb 12 . The results will be basically the same for other antimony concentrations of x ¼ 8{17.
Models and Treatments
Bi 88 Sb 12 alloy is treated as an n-type semiconductor with an isotropic effective mass of m Ã =m ¼ 0:02 for conduction electrons. It is assumed single carrier and phonon scattering mechanism throughout the whole temperature range and the degeneracy of electrons isn't taken into account. For this the following semi-empirical form of the energy-dependent relaxation time is employed,
where A is a constant and s is scattering parameter, which is usually taken to be s ¼ À0:5 for acoustic phonons. The value is justified for deformation potential scattering, 5) but it is treated as adjustable in the present study.
The Boltzmann equation is then invoked. This leads to the following expressions for the Hall coefficient R H , the Hall mobility H and the thermopower Q: 
gð; s þ 1Þ gð; sÞ À ð4Þ
where the Hall mobility is defined by H ¼ R H , with being the electrical conductivity. In eq. (2), n 0 denotes the carrier concentration given in the classical approximation,
It is also introduced a function gð; sÞ ðs þ 3=2Þ
where is the reduced chemical potential ¼ =k B T. Note that all the quantities are expressed in terms of a universal function gð; sÞ. The true carrier concentration n is also related to the same function as * Graduate Student, Shimane University n ¼ n 0 4 3 ffiffiffi p gð; 0Þ ð 7Þ
Numerical Procedure
For all the transport properties discussed in the present paper, particularly the thermopower, the temperature dependence comes mostly through . Its determination is therefore the core of the problem. It is avoided ''classical'' approximation but chose to proceed numerically as follows. Figure 1 shows the experimental Hall coefficient of Bi 88 Sb 12 as a function of the temperature. The preparation of Bi 88 Sb 12 alloy was already reported in the previous paper.
6) It is used this data and solved eq. (2) for at each temperature, with a suitable value of s. The simplicity of the equation allows for the algorithm of the Newton method and the reduced chemical potential was determined as a function of the temperature. Figure 2 shows the temperature dependence of calculated chemical potential. It can be seen that value stays almost constant at lower temperatures, but starts to rise at T % 70 K. The increasing tendency is considered to be the extrinsic-to-intrinsic transition.
The rise of the chemical potential was noticed, because no such striking behaviour is observed in the Hall coefficient data. However a different plot, similar due to Arrhenius plot, shows clearly the corresponding change at the same temperature. 3, 4) 4. Results Figures 3 and 4 show the experimental data for Hall mobility H and thermopower Q, respectively. The H value decreases with increasing temperatures, and the decrease is accelerated at T ¼ 70 K. T ¼ 70 K is also a characteristic temperature to the thermopower. The thermopower can be seen to have its maximum value in the vicinity of that temperature. The calculated chemical potentials were used to evaluate the mobility and the thermopower from eqs. (3) and (4), and the results are compared to the experiments as shown in Figs. 3 and 4 .
The bend of H at T % 70 K can be reproduced by the calculations, by choosing s ¼ À0:75, which is larger in magnitude than s ¼ À0:5 for the acoustic phonon scattering. The parameter A has been adjusted for each value of s so as to match the experimental value at T ¼ 300 K. It is found the bend more pronounced for larger values of jsj, but always occur at the same temperature. This result is attributed to the rise of the chemical potential shown in Fig. 2 .
The agreement between theory and experiment can be observed for the thermopower. The Q value depends substantially on the scattering parameter, and also depends rather strongly on the effective mass. However the positions of the maxima of the theoretical curves always coincide with the transition temperature and the overall temperature dependence is very well described by the theoretical curve.
The thermopower is enhanced for heavier effective mass, which is in accordance with observations, but difficult to understand from eq. (4). The chemical potential is reduced practically by increasing the effective mass, so the second term of eq. (4) appears to predicts an opposite effect. In fact, it is overcompensated by the first term. It is noted that the heavier effective masses do not reproduce well the bend in the mobility curve.
Discussions

Determination of chemical potential
The calculated chemical potentials depend very little on the scattering parameter. In this connection, it is particularly interesting to note that the equation it is solved reduces to the relation
in the case of an energy-independent relaxation time (s ¼ 0), with the Hall coefficient being defined by R H ¼ 1=nec. This procedure is practically identical to determining the chemical potential through eq. (8), the relation between the chemical potential and the carrier concentration.
Fermi integrals and limitation of the model
In evaluating gð; sÞ, the divergence of the integrand at x ¼ 0 should be treated carefully. The expression eq. (6) can be used only for s > À1:5. A partially integrated form must be used for s À1:5. This can be used down to s ¼ À2:5, but gð; sÞ can no more be defined for s À2:5. It means that this treatment breaks down for s < À1:25 because it is needed evaluate gð; 2sÞ, and this is related to the fact that this model allows for an infinite relaxation time at the bottom of the conduction band.
Limitation of the conventional formula
The function gð; sÞ is given analytically in the classical approximation as
Technically, this causes a great simplification of the expressions eqs. (2)- (4) . Particularly the first term of eq. (4) is replaced by a constant of s þ 5=2, so the thermopower becomes a linear function of . The formula has been commonly used for many semiconductors. 7) However it is noted here that it should be used only with reservations. First, it does not have the correct limit as T ! 0 (Q ! 0 must result but it diverges on the contrary). Second, it is found the magnitude of the two contributions in eq. (4) is very large, relative to the total value.
Temperature dependence of thermopower
Although the calculated thermopowers are considerably smaller in magnitude than experiments, the overall temperature dependence of the quantity is well reproduced by the theory. It is interpreted as follows. First recall that the original expression for eq. (4) is proportional to the negative of
It should also be recalled that the practical ranges of the two integrations are both restricted, approximately, to the interval of j" À j k B T. At low temperatures, the above expression must be an increasing function of temperature, because it is positive definite and bound to be zero at T ¼ 0. It continues to increase up to T % 70 K, as stays constant and the integration interval increases with temperature. At T % 70 K, the chemical potential starts to rise, and the increase of the denominator starts to overwhelm that of the numerator. This is because the integrand of the numerator changes its sign in the middle of the interval, while that of the denominator is always positive and grows in positive powers with temperature. Therefore the position of the maximum thermopower should appear in the vicinity of the transition temperature. This explains the characteristic behavior of the calculated thermopower. It should be justified more systematically by applying Sommerfeld expansion.
Conclusions
A full account of the Fermi-Dirac statistics is important for Bi-Sb alloys, and the classical analysis can not be applied to this system. As far as it is treated the degeneracy of electrons carefully, however, the Boltzmann theory of single carrier works well, and the treatment proposed in the present study will probably take over the conventional method, which has been widely used for non-degenerate semiconductors.
According to these calculations, it can be concluded that the characteristic behaviors of Hall mobility and thermopower of Bi-Sb alloys are caused by the extrinsic-to-intrinsic transition and not by the change in the scattering mechanism. It is confirmed that the maximum thermopower appears associated with the extrinsic-to-intrinsic transition. It is considered the Bi-Sb alloys as typical examples of singlecarrier degenerate semiconductors, and the above findings are expected to be quite general, and useful for controlling, or possibly improving, the thermoelectric characteristics of such materials.
